IDEALS OF THE PRINCIPAL CLASS, R-SEQUENCES AND A CERTAIN MONOIDAL TRANSFORMATION EDWARD D. DAVIS
We consider the algebra generated over the ring R by the quotients {xi/x, , x n /x}. This "monoidal transform" R[xι/x, • , Xnlx] may be regarded as the homomorphic image of the polynomial ring R[X U , X n ]. Examination of the kernel of this homomorphism gives in one instance the theorem of analytic independence of systems of parameters and in another the analogous theorem about .β-sequences in arbitrary commutative rings. We combine these results with some older work of ours (included in an appendix) to give several characterizations of ideals in Noetherian rings generated by Rsequences. !• Notation and preliminaries. We shall interpret "ring" to mean commutative ring with unity. Given the ring R, consider the ideal I = (x, x u •••, x n ), where x is not a divisor of zero, and the ring S -R[xjx,
, xjx], a subring of the total quotient ring of R. Observe that the extension of I to S is principal, namely, IS = xS. Regard S as the homomorphic image of the polynomial ring R[X] = R [X l9 , X n ] (substitute xjx for X { ) and let Q denote the kernel of this homomorphism. Clearly , Y n ), where g e R [X] and has constant term 0. Thus x f feQ\ It follows that Q = Q' if Q' is a prime ideal, and that Q' contains x r Q for sufficiently large r if Q is finitely generated. Suppose that IR [X] contains Q. Then since x { = xX { -Y i9 f = xf t + g u where g t e Q r and /i G Q. It follows that for each r, f -x r f r + g r , where g r e Q' and f r e Q. Hence if Q is finitely generated and IR [X] contains Q, then Q -Q'.
b. Let/ be a homogeneous polynomial in n + 1 variables with coefficients in B. Then f(x, χ lf ..., x n ) = 0 if, and only if, /(I, X u , X n ) e Q. To see "only if" divide the equation f (x, x u , x n ) -0 by x\ where t is the degree of /; to see "if" multiply the equation /(I, xjx, , xjx) = 0 by x\ Thus if /(^, x l9 •••, » Λ ) = 0, then the coefficients of / lie in every ideal P of R such that PR [X] , z m } is strongly analytically independent; the associated graded ring of N is (R/N) [Z l9 ,
is a free (i2/iV)-module of rank equal to the number of monomials of degree r in m variables; any set of m generators of N is strongly analytically independent.
Finally, from the well known relationship between the ideals of S and those of R[X] containing Q we obtain: [X] 9 and PS is prime if P is prime. 2* Ideals of the principal class. In this section we restrict our attention to Noetherian rings. Recall that an ideal generated by m elements is of height at most m, and if equality holds, the ideal is said to be of the principal class. 1 We shall assume that ht(I) -n + 1; i.e., I is an ideal of the principal class.
Proof. Let P be a prime ideal of R[X] minimal over Q' , we must show that P contains Q. Since Q r is generated by n elements,
P would therefore contain I and so be of height at least n + 1. Since Q' contains x r Q for sufficiently large r (Remark a), it follows that P contains Q. Zariski in his fundamental paper [6] was the first to consider the relationship between the rings R and S. There, when his {x, x u , x % } is a subset of a system of parameters in a local ring, he makes essential use of the analytic independence of systems of parameters. We now note that this property is an immediate corollary to Proposition 1; in fact somewhat more generally we have:
. Every basis of minimal cardinality for an ideal of the principal class is analytically independent.
Proof. Suppose that {z u , z n } generates an ideal of height n in the ring A. Let z be an indeterminate over A. Then {z, z l9 ,
, z n } is analytically independent (Remark b'). Suppose now that / is a homogeneous polynomial with coefficients in A such that f(z u , z n ) -0. The coefficients of / must lie in the radical of the A[^]-ideal (z, z lf •• ,^). Since z is an indeterminate, it follows that the coefficients of / must lie in the radical of the Λ-ideal (z u , z n ) (just set z = 0).
For the remainder of this section we restrict our attention to integral domains. Recall that given R λ a subring of R 2 , the dimension formula holds between R x and R 2 if for every prime ideal M of R 2 : 
For the remainder of this section was assume that R is local and' P is its maximal ideal. Given Ma prime ideal of S such that MΠ R = P, let R* = S M . We shall call lϋ* a local monoidal transform of R with center I. These transforms, in the special case of R and R/I regular, play an important role in the work of Zariski, Abhyankar and Hironaka on the resolution of singularities of algebraic varieties., Abhyankar has noted that in this case R* uniquely determines I, except in the trivial case of a principal center. We next point out that the reason for this uniqueness is that in this case I is a prime ideal of the principal class-in geometric language, an irreducible; local complete intersection. is not a monomorphism on B) . The term "A-sequence" is probably due to Auslander and Buchsbaum or perhaps to Serre. They had been studied in several contexts by other writers, especially Nagata (see "distinct systems of parameters" [2] and §25 of [3] ). The corollary to Proposition 2 below has a long history; it was proved by: Macaulay [4] for polynomial rings, Nagata [2] for local "Macaulay rings 7 ' and by Eees [7] Since we have already noted that {x, x u , x n } is strongly analytically independent if, and only if, IR [X] contains Q, we have as an immediate corollary the following theorem of Rees [7] :
the kernel of R[X t ] -> S', S'/xS' -S'/(x, xJS' = (R/(x,
COROLLARY. R-sequences are strongly analytically independent.
Equivalently: if an ideal N is generated by an R-sequence of length m, then the associated graded ring of N is (R/N)[Z U •••, Z m \.

Now if A is a faithful i?-module and {x, x ly
, x n } is an A-sequence r replacing R [X] by the i?[X]-module of all "polynomials" with coefficients in A (i.e., jβ[X](g)A) and S by ££g)A in the above argument gives: PROPOSITION 
2'. T%β kernel of the homomorphism R[X]ζ>ξ) A-> S® A is Q'(i2[X](g)A).
And since the residues of an A-sequence in the ring i?/annihilator (A) form an A-sequence, we have as a corollary the "strong analytical independence of A-sequences"; namely:
COROLLARY.
Let {z ly
, It is now an easy exercise to show that Z(A/NA) = iΓ(A/iV r A)(see [7] ); somewhat more generally (but just as easy) is: Z(A/NA) = Z(A/MA), where M is any ideal generated by monomials in {z u ••-,»»} having the same radical as N. These facts are generalizations of Macaulay's Unmixedness Theorem: In the ring of polynomials over a field every power of an ideal of the principal class is unmixed. For these and other generalizations from the point of view of homological dimension consult Kaplansky's paper: Rsequences and homological dimension, Nagoya Journal, Vol. 20 (1962), 195-199. Henceforth assume that R is a Noetherian ring. Given a finitely generated J?-module A and an ideal N of R such that A φ NA, then any two A-sequences in N which are maximal (with respect to being A-sequences in N) have the same length. (For the details see [7] , or for a simplified account [5] 
) Following Rees we shall call this common integer the grade of N on A, denoted G(N, A). For A = R, we let grade of N = G(N) = G(N, R).
In the following theorem we collect several characterizations of ideals generated by i?-sequences. Such an ideal is clearly an ideal of the principal class; rings for which the converse is true are called Macaulay rings. Proof. The equivalence of (1) and (2) is proved in the appendix; that of (3), (4), (5) and (6) in Remark c. That (2) implies (6) is the corollary of Proposition 2. It remains to consider " (5) implies (1)". This could be accomplished by localizing judiciously and invoking the local version of the theorem given by Rees [7] , but we prefer to avoid this technicality and to present a self-contained proof here.
If REMARK. In Corollary 3 of Proposition 1 we were concerned with prime ideals of the principal class. Such an ideal P is generated by an i?-sequence of length ht(P) (by Corollary 1 to Proposition 1 and the above theorem). Hence if M is an ideal properly containing P, G(M) > ht(P). Thus in a given ring we must expect bounds on the heights of prime ideals of the principal class. APPENDIX. The material in this section is part of some work done by the author while he was a student of Professor Kaplansky at the University of Chicago; we take the opportunity to record it here. We shall need two elementary facts from commutative algebra available in any standard textbook on the subject, (e.g., [1]). Firstly: an ideal not contained in any one of a finite set of prime ideals is not contained in the set-theoretic union. Secondly the following part of the primary decomposition of 0 in a finitely-generated i?-module A, for Noetherian R: Z(A) is the union of a finite set of prime ideals having no containment relation among them. Clearly if yeP i} then u £ Pi. We may assume that y $ P^l ^ i ^ j) and that y e P^j < i). Select s e {J {Pi: i ^ j} -Π {P<: j < i}. Then z ~ su + y is as desired. Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double spaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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